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Abstract

We introduce a new augmented dual-mixed finite element method for the linear convec-

tion-di↵usion equation with mixed boundary conditions. The approach is based on adding

suitable residual type terms to a dual-mixed formulation of the problem. We prove that

for appropriate values of the stabilization parameters, that depend on the di↵usivity and

the magnitude of the convective velocity, the new variational formulation and the corre-

sponding Galerkin scheme are well-posed and a Céa estimate can be derived. We establish

the rate of convergence when the flux and the concentration are approximated, respec-

tively, by Raviart-Thomas/Brezzi-Douglas-Marini and continuous piecewise polynomials.

In addition, we develop an a posteriori error analysis of residual type. We derive a simple

a posteriori error indicator and prove that it is reliable and locally e�cient. Finally, we

provide some numerical experiments that illustrate the performance of the method.
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1 Introduction

Convection-di↵usion problems are used to simulate the transport of quantities, such as tem-
perature or concentration. The numerical solution of this kind of problems has attracted great
attention, specially in the case when convection is dominant. Indeed, in that case standard
finite element methods may lead to numerical solutions with unphysical oscillations, due to a
lack of stability. One way to circumvent these di�culties is by adding some artificial di↵usion to
the discretization. Di↵erent stabilization methods have been proposed in the literature; among
them, the streamline-upwind Petrov Galerkin (SUPG) method or streamline-di↵usion method
(SDM) [26, 30] is probably the most popular one.

In general, the solution of a convection-di↵usion equation possesses small subregions, named
layers, where the derivatives of the solution are very large. Therefore, the use of adaptive
algorithms based on robust a posteriori error estimators becomes crucial in the numerical ap-
proximation. Many authors have developed and analyzed a posteriori error estimators for dif-
ferent discretizations of the convection-di↵usion equation. For instance, for the SUPG method,
Verfürth [40] presented in 1998 three reliable and locally e�cient a posteriori error estimators
for the error measured in the energy norm. Those estimates are optimal provided that the
local mesh Peclet number is su�ciently small. Numerical studies of di↵erent a posteriori error
estimators can be found in [28, 34]. In 2005, Verfürth [41] incorporated to the usual energy
norm a dual norm of the convective derivative and proved that the proposed a posteriori er-
ror estimators are fully robust in the sense that the ratio of the upper and lower bounds is
uniformly bounded with respect to the mesh-size, to the di↵usivity and to the size of the con-
vection. A hierarchical a posteriori error estimator was proposed in Achchab et al. [1] and a
robust residual-based a posteriori error estimator for the error in the natural SUPG norm was
proposed in [29]. Fully computable upper bounds for the error measured in the energy norm
were introduced by Ainsworth et al. [3]. More recently, Du and Zhang [16] introduced a novel
dual norm under which the error estimator is robust with respect to the di↵usivity parameter
and presented impressive numerical results. Lastly, in [17] reliable and e�cient a posteriori
error estimators for the error in the energy norm based on the reconstruction of equilibrated
fluxed were presented.

In this paper we are interested in the simultaneous approximation of the concentration and
the flux in a linear convection-di↵usion equation with mixed boundary conditions using mixed
finite element methods. In [13], Douglas and Roberts introduced a mixed finite element dis-
cretization of a convection-di↵usion-reaction equation based on the Raviart-Thomas-Nedelec
space and obtained L

2(⌦)-estimates for the error. Negative norm and L
1(⌦) estimates can

be derived by applying the same arguments as in [14]. However, that formulation leads to a
centered discretization of the convective term that is numerically unstable when convection
is important. Moreover, this formulation cannot be extended to certain classes of nonlinear
problems (see [27]). In [27], Ja↵re proposed a numerical scheme where the di↵usion term is ap-
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proximated by Raviart-Thomas mixed finite elements and the convective term is approximated
by the Lesaint-Raviart upwind scheme for discontinuous finite elements. The error analysis of
that scheme showed that the convection term is approximated less precisely than the di↵usion
term. Then, a modification of the initial formulation that allows to balance errors was proposed.
Thomas [37] introduced and analysed a dual-mixed variational formulation with artificial di↵u-
sion that contains the one proposed by Ja↵re [27]. It is well adapted to convection-dominated
flow problems and he obtained optimal convergence rates O(hk) provided that the flux is ap-
proximated by Raviart-Thomas elements of order k and the concentration is approximated by
discontinuous piecewise polynomials of order k. In [19] the authors presented a mixed-hybrid
finite element method for scalar convection-di↵usion problems. The di↵usive term is approx-
imated with the lowest order Raviart-Thomas finite element whereas the convective term is
treated by means of a Lagrange multiplier. Numerical results are very accurate for local Peclet
numbers up to 5. However, no convergence analysis is provided.

Concerning the a posteriori error analysis of mixed finite element methods, we refer to the
residual a posteriori error estimates derived by Vohraĺık [43] for lowest-order Raviart-Thomas
mixed finite element discretizations of convection-di↵usion-reaction equations. Later, Kim and
Park [31] presented a posteriori error estimates for the error in the L

2-norm. Finally, Du [15]
introduced new techniques to derive residual-based a posteriori error estimates over the stress
and scalar displacement error for the lowest-order Raviart-Thomas mixed finite element.

In this work we present novel augmented mixed finite element methods for the scalar
convection-di↵usion equation and developed an a posteriori error analysis of residual type.
The use of augmented mixed finite element methods allows to avoid the inf-sup condition in
the analysis and, as a consequence, one can use a wider set of finite element subspaces in
the discretization. Several augmented mixed finite element methods have been proposed in
last years for di↵erent problems. Indeed, in [33] Masud and Hughes introduced an augmented
mixed finite element method for Darcy flow. Later on, this method was extended by Gatica
[20] to the linear elasticity problem with homogeneous Dirichlet boundary conditions. The
case of nonhomogeneous Dirichlet boundary conditions was analyzed in [21] (see also [23]) and
nonhomogeneous mixed boundary conditions were considered in [24]. This technique has been
applied later to the generalized Stokes problem [5, 6], anisotropic porous media flow [7, 8], the
linear convection-di↵usion equation [25] and the Oseen problem [9]. However, in the papers
[5, 25, 9] only homogeneous boundary conditions of Dirichlet type were treated.

The aim of this paper is to propose and analyze augmented mixed finite element methods
for the linear convection-di↵usion equation with mixed boundary conditions. We also develop a
residual based a posteriori error analysis and derive simple a posteriori error indicators for the
two and three dimensional cases. We prove that these a posteriori error indicators are reliable
and locally e�cient, and thus, can be used to drive a mesh adaptation process. We do not
consider the case of dominant convection, that will be the subject of a forthcoming paper.

The paper is organized as follows. In Section 2 we derive a dual-mixed variational for-
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mulation of the model problem. Then, in Section 3 we introduce and analyze the augmented
dual-mixed variational formulation. In Section 4 we study the stabilized mixed finite element
method. We prove the stability of the Galerkin scheme and derive the rate of convergence for
some particular discretizations, using Raviart-Thomas or Brezzi-Douglas-Marini elements to
approximate the flux and continuous piecewise polynomials to approximate the scalar variable.
In Section 5, we introduce new a posteriori error estimators both in two and three dimensions,
and prove that they are reliable and locally e�cient. Some numerical experiments are reported
in Section 6. Finally, in Section 7 we draw conclusions.

Throughout the paper, we use the usual notations for Sobolev spaces and norms. In par-
ticular, C or c, with or without subscripts, will denote generic constants independent of the
discretization parameter.

2 Dual-mixed variational formulation

Let ⌦ be a bounded connected open subset of Rd (d = 2, 3), with a Lipschitz-continuous
boundary �. We assume that � consists of two disjoint parts, �D and �N , such that � = �D[�N

and |�D| > 0. Let K 2 [L1(⌦)]d⇥d be a symmetric and uniformly positive definite tensor, that
is, K satisfies

(K(x)y) · y � ↵ kyk
2
, a.e. x 2 ⌦ , 8y 2 Rd

, (1)

for some ↵ > 0. Then, we also have that K�1
2 [L1(⌦)]d⇥d and

(K�1(x)y) · y �
↵

kKk21,⌦

kyk
2
, a.e. x 2 ⌦ , 8y 2 Rd

, (2)

where we denote by k · k1,⌦ the usual norm in [L1(⌦)]d⇥d.
Let b 2 [L1(⌦)]d be a solenoidal velocity field, that is

div(b) = 0 in ⌦ , (3)

such that
b · n � 0 on �N . (4)

Then, given a source f 2 L
2(⌦), g 2 H

1/2(�D) and z 2 H
�1/2(�N), we consider the following

steady convection-di↵usion problem: find the concentration u : ⌦ ! R such that
8
>><

>>:

� div(Kru) + b ·ru = f in ⌦ ,

u = g on �D ,

Kru · n = z on �N ,

(5)

where n is the unit outward normal vector to �.
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We introduce the flux � := Kru in ⌦ as an additional unknown. Then, problem (5) can be
stated equivalently as follows: find � : ⌦ ! Rd and u : ⌦ ! R such that

8
>>>>><

>>>>>:

�div(�) + b ·ru = f in ⌦ ,

K
�1
� � ru = 0 in ⌦ ,

u = g on �D ,

� · n = z on �N .

(6)

Given s 2 H
�1/2(�N), we define the space Hs := {⌧ 2 H(div;⌦) : ⌧ ·n = s on �N}. Then,

multiplying the two first equations in (6) by appropriate test functions and integrating by parts,
we derive the following dual-mixed variational formulation of problem (6): find � 2 Hz and
u 2 H

1(⌦) such that

8
>>>><

>>>>:

Z

⌦

K
�1
� · ⌧ +

Z

⌦

u div(⌧) =

Z

�D

g ⌧ · n , 8 ⌧ 2 H0 ,

Z

⌦

div(�) v �

Z

⌦

b ·ru v = �

Z

⌦

fv , 8 v 2 H
1(⌦) .

(7)

We remark that the Neumann boundary condition is essential whereas the Dirichlet boundary
condition is natural in this formulation.

Let us consider the following decomposition: � = �0 + �z 2 H0 +Hz, that is, �0 · n = 0 on
�N and �z · n = z on �N . Then, problem (7) is equivalent to: find (�0, u) 2 H0 ⇥H

1(⌦) such
that 8

>>>><

>>>>:

Z

⌦

K
�1
�0 · ⌧ +

Z

⌦

u div(⌧) =

Z

�D

g ⌧ · n �

Z

⌦

K
�1
�z · ⌧ , 8 ⌧ 2 H0 ,

Z

⌦

div(�0) v �

Z

⌦

b ·ru v = �

Z

⌦

fv �

Z

⌦

div(�z) v , 8 v 2 H
1(⌦) .

(8)

Let us define the bilinear forms a : H0 ⇥ H0 ! R, b : H1(⌦) ⇥ H0 ! R and c : H1(⌦) ⇥
H

1(⌦) ! R by

a(⇣, ⌧) :=

Z

⌦

K
�1
⇣ · ⌧ , b(w, ⌧) :=

Z

⌦

w div(⌧) , c(w, v) :=

Z

⌦

b ·rw v

for all ⇣, ⌧ 2 H0 and w, v 2 H
1(⌦), and the linear functionals m : H0 ! R and l : H1(⌦) ! R

by

m(⌧) :=

Z

�D

g ⌧ · n �

Z

⌦

K
�1
�z · ⌧ , l(v) := �

Z

⌦

(f + div(�z)) v ,
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for all ⌧ 2 H0 and v 2 H
1(⌦) . Then, the variational formulation (8) can be rewritten as

follows: find (�0, u) 2 H0 ⇥H
1(⌦) such that

(
a(�0, ⌧) + b(u, ⌧) = m(⌧) , 8 ⌧ 2 H0 ,

b(v, �0)� c(u, v) = l(v) , 8 v 2 H
1(⌦) .

Thus, problem (8) has a generalized saddle point structure. Since the bilinear form c(·, ·) is not
symmetric, in order to ensure that problem (8) is well-posed using the generalized Babuška-
Brezzi theory, we need the bilinear form a(·, ·) to be elliptic in H0. However, we only have

a(⌧, ⌧) �
↵

kKk21,⌦

k⌧k
2
[L2(⌦)]d , 8 ⌧ 2 H0 .

3 Augmented dual-mixed variational formulation

We follow the ideas in [25, 21, 24] and subtract the second equation in (8) from the first one
and then add the following residual terms:

1

Z

⌦

(div(�0)� b ·ru)(div(⌧) + b ·rv) = �1

Z

⌦

(f + div(�z)) (div(⌧) + b ·rv)

2

Z

⌦

(ru�K
�1
�0) · (rv +K

�1
⌧) = 2

Z

⌦

K
�1
�z · (rv +K

�1
⌧)

and

3

Z

�D

u v = 3

Z

�D

g v ,

where we assume that (�0, u) is a solution of (8) and (⌧, v) 2 H := H0 ⇥H
1(⌦).

Proceeding in this way, we obtain the following augmented variational formulation: find
(�0, u) 2 H such that

As((�0, u), (⌧, v)) = Fs(⌧, v) , 8 (⌧, v) 2 H, (9)

where the bilinear form As : H⇥H ! R and the linear functional Fs : H ! R are defined by

As((⇣, w), (⌧, v)) :=

Z

⌦

K
�1
⇣ · ⌧ +

Z

⌦

w div(⌧) �

Z

⌦

div(⇣) v +

Z

⌦

b ·rw v

+1

Z

⌦

(div(⇣)� b ·rw) (div(⌧) + b ·rv) + 2

Z

⌦

(rw �K
�1
⇣) · (rv +K

�1
⌧)

+3

Z

�D

w v
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and

Fs(⌧, v) :=

Z

⌦

(f + div(�z)) v �

Z

⌦

K
�1
�z · ⌧ � 1

Z

⌦

(f + div(�z)) (div(⌧) + b ·rv)

+ 2

Z

⌦

K
�1
�z(rv +K

�1
⌧) +

Z

�D

g ⌧ · n + 3

Z

�D

g v

for all (⇣, w), (⌧, v) 2 H.
The stabilization parameters, 1, 2 and 3, are positive constants to be chosen so that the

augmented bilinear form be coercive in the whole space H. We endow H with the product
norm

k(⌧, v)kH := (k⌧k2
H(div;⌦) + kvk

2
H1(⌦))

1/2
, 8 (⌧, v) 2 H.

Clearly, Fs is a linear continuous functional in H. Indeed, using the Cauchy-Schwarz in-
equality, we have

kFsk  CF

⇣
||f ||

L2(⌦) + ||g||
H1/2(�D) + ||�z||[L2(⌦)]d + ||div(�z)||L2(⌦)

⌘
,

with CF := max(1 + 3, kK
�1
k1,⌦(1 + 2(1 + kK

�1
k1,⌦)), 1 + 1(1 +

p
dkbk[L1(⌦)]d)).

Similarly, it is easy to see that the bilinear form As(·, ·) is continuous in H. In this case,
using the Cauchy-Schwarz inequality, we obtain

|As((⇣, w), (⌧, v))|  M ||(⇣, w)||
H
||(⌧, v)||

H
, 8 (⇣, w), (⌧, v) 2 H ,

with M := 2 + kK
�1
k1,⌦ +

p
dkbk[L1(⌦)]d + 1(1 +

p
dkbk[L1(⌦)]d)

2 + 2(1 + kK
�1
k1,⌦)2 + 3.

Now, let (⌧, v) 2 H. Then, from the definition of As(·, ·) and using (2) we have that

As((⌧, v), (⌧, v)) �
↵

kKk21,⌦

||⌧ ||
2
[L2(⌦)]d +

Z

⌦

b ·rv v

+ 1(||div(⌧)||
2
L2(⌦) � ||b ·rv||

2
L2(⌦))

+ 2(||rv||
2
[L2(⌦)]d � ||K

�1
⌧ ||

2
[L2(⌦)]d) + 3kvk

2
L2(�D) .

Integrating by parts and using (3) and (4), we have for v 2 H
1(⌦),

Z

⌦

b ·rv v =
1

2

Z

⌦

b ·r(v2) =
1

2

Z

�

b · n v
2
�

1

2

Z

�D

b · n v
2
.

Then,

As((⌧, v), (⌧, v)) � (
↵

kKk21,⌦

� 2 kK
�1
k
2
1,⌦)||⌧ ||

2
[L2(⌦)]d + 1||div(⌧)||

2
L2(⌦)

+ (2 � 1dkbk
2
[L1(⌦)]d)krvk

2
[L2(⌦)]d + (3 �

1

2
kb · nkL1(�D))kvk

2
L2(�D) .
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Therefore, using that
krvk

2
[L2(⌦)]d + kvk

2
L2(�D) � c kvk

2
H1(⌦) ,

for some positive constant c, the coercivity of As(·, ·) in H follows, with an ellipticity constant

Cell := min
⇣

↵

kKk21,⌦

� 2 kK
�1
k
2
1,⌦,1, (2 � 1dkbk

2
[L1(⌦)]d)c, (3 �

1

2
kb · nkL1(�D))c

⌘
,

provided that

0 < 1 <
2

d ||b||
2
[L1(⌦)]d

, 0 < 2 <
↵

kKk21,⌦ kK�1k21,⌦

and 3 >
1

2
kb · nkL1(�D) . (10)

We have the following result concerning the well-posedness of problem (9).

Theorem 1 Under assumptions (1), (3), (4) and (10), problem (9) has a unique solution,
(�0, u) 2 H.

Proof. It follows from the previous considerations and Lax-Milgram Lemma. ⇤

Remark. A feasible choice for the stabilization parameters would be

1 =
2

2 d ||b||2[L1(⌦)]d

, 2 =
↵

2 kKk21,⌦ kK�1k21,⌦

, 3 = kb · nkL1(�D).

For this choice, the ellipticity constant is

Cell = min(
↵

2 kKk21,⌦

,
↵

4 d ||b||2[L1(⌦)]d kKk21,⌦ kK�1k21,⌦

,
↵

4 kKk21,⌦ kK�1k21,⌦

c,
1

2
kb·nkL1(�D)c) .

In the particular case when K = ✏ I, with ✏ > 0, we have that

Cell = min(
1

2 ✏
,

✏

4 d ||b||2[L1(⌦)]d

,
✏

4
c,
1

2
kb · nkL1(�D)c) .

For ✏ << 1 and kbk = O(1), we have that Cell = O(✏�1). ⇤

4 Augmented mixed finite element method

Let {Th}h>0 be a family of shape-regular meshes of ⌦̄ made up of triangles if d = 2 or tetrahedra
if d = 3. We denote by hT the diameter of an element T 2 Th and define h := maxT2ThhT . Let
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Hh and Vh be any finite element subspaces of H0 and H
1(⌦), respectively. Then, the Galerkin

scheme associated to problem (9) reads: find (�0,h, uh) 2 Hh := Hh ⇥ Vh such that

As((�0,h, uh), (⌧h, vh)) = Fs(⌧h, vh) , 8 (⌧h, vh) 2 Hh . (11)

Under the hypotheses of Theorem 1, problem (11) has a unique solution (�0,h, uh) 2 Hh⇥Vh.
Moreover, there exists a constant C > 0, independent of h, such that

||(�0 � �0,h, u� uh)||H  C inf
(⌧h,vh)2Hh

||(�0 � ⌧h, u� vh)||H . (12)

In order to establish a rate of convergence result, we consider specific finite element subspaces
Hh and Vh. Hereafter, given T 2 Th and an integer l � 0, we denote by Pl(T ) the space of
polynomials of total degree at most l defined on T and, given an integer r � 0, we denote by
RT r(T ) the local Raviart-Thomas space of order r (cf. [36]), that is,

RT r(T ) := [Pr(T )]
d
� [x]Pr(T ) ⇢ [Pr+1(T )]

d
,

where x is a generic vector of Rd.
Let r � 0 and m � 1. Then, we define (see [10, 36])

Hh := RT r =
n
⌧h 2 H0 : ⌧h

��
T
2 RT r(T ), 8T 2 Th

o
,

or
Hh := BDMr+1 =

n
⌧h 2 H0 : ⌧h

��
T
2 [Pr+1(T )]

d
, 8T 2 Th

o
,

and
Vh :=

n
vh 2 C(⌦) : vh

��
T
2 Pm(T ), 8T 2 Th

o
.

The corresponding rate of convergence is given in the next theorem.

Theorem 2 Assume �0 2 [H t(⌦)]d, div(�0) 2 H
t(⌦) and u 2 H

t+1(⌦). Then, under the
assumptions of Theorem 1, there exists Cerr > 0, independent of h, such that

||(�0 � �0,h, u� uh)||H  Cerr h
min{t,m,r+1}

⇣
||�0||[Ht(⌦)]d + ||div(�0)||Ht(⌦) + ||u||Ht+1(⌦)

⌘
.

Proof. It follows straightforwardly from inequality (12) and the approximation properties of
the corresponding finite element subspaces. ⇤
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5 A posteriori error analysis

In this section, we assume the hypotheses of Theorem 1 and develop a residual-based a posteriori
error analysis of the augmented mixed finite element method (11). We derive a simple a
posteriori error indicator and prove that it is reliable and locally e�cient.

Let Hh and Vh be any finite element subspaces of H0 and H
1(⌦), respectively, and let

(�0, u) 2 H and (�0,h, uh) 2 Hh := Hh ⇥ Vh be the unique solutions to problems (9) and (11),
respectively. Then, we consider the residual

Rh(⌧, v) := Fs(⌧, v)� As((�0,h, uh), (⌧, v)) , 8 (⌧, v) 2 H. (13)

Using the ellipticity of the bilinear form As(·, ·) and the definition of the residual (13), we
deduce that

k(�0 � �0,h, u� uh)kH  C
�1
ell sup

(⌧,v)2H

(⌧,v) 6=(0,0)

Rh(⌧, v)

k(⌧, v)kH
. (14)

Now, we remark that using the definitions of the linear functional Fs and the bilinear form
As(·, ·), we can write

Rh(⌧, v) = R1(⌧) +R2(v) , 8 ⌧ 2 H0 , 8 v 2 H
1(⌦) , (15)

where R1 : H0 ! R and R2 : H1(⌦) ! R are defined by

R1(⌧) := �

Z

⌦

(K�1(�z + �0,h)�ruh) · ⌧ + 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1
⌧

� 1

Z

⌦

(f + div(�z + �0,h)� b ·ruh) div(⌧) +

Z

�D

(g � uh)⌧ · n

and

R2(v) :=

Z

⌦

(f + div(�z + �0,h)� b ·ruh) v � 1

Z

⌦

(f + div(�z + �0,h)� b ·ruh)b ·rv

+ 2

Z

⌦

(K�1(�z + �0,h)�ruh) · rv + 3

Z

�D

(g � uh)v .

5.1 Notations and preliminary results

We let Th be as in section 4 and assume that {⌧h 2 H0 : (⌧h)|T 2 (P0(T ))d , 8T 2 Th} ⇢ Hh

and that Xh := {vh 2 C(⌦) : vh|T 2 P1(T ) , 8T 2 Th} ⇢ Vh. Given an element T 2 Th, we
denote by E(T ) the set of the edges (if d = 2) or faces (if d = 3) of T and by Eh the set of all the
edges (d = 2) / faces (d = 3) induced by the mesh Th. Then, we can write Eh = Ei[E�D [E�N ,
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where Ei := {e 2 Eh : e ⇢ ⌦}, E�D := {e 2 Eh : e ⇢ �D} and E�N := {e 2 Eh : e ⇢ �N}.
Moreover, if d = 2, then for each edge e 2 Eh, we fix a unit normal vector, ne := (n1, n2)t, and
let te := (�n2, n1)t be the corresponding fixed unit tangential vector along e. If d = 3, for each
face e 2 Eh, we fix a unit normal vector ne to e. Finally, given v : ⌦ ! R and ⌧ : ⌦ ! R3

su�ciently smooth, we denote curl(v) =
�

@v

@x2
,�

@v

@x1

�t
and curl(⌧) = r⇥ ⌧ .

We consider the Clément interpolation operator, Ih : H1(⌦) ! Xh. In the next lemma, we
recall its local approximation properties.

Lemma 1 There exist positive constants, c1 and c2, independent of h, such that for all v 2

H
1(⌦) there holds

kv � Ih(v)kHm(T )  c1 h
1�m

T
kvkH1(!(T )), 8m 2 {0, 1}, 8T 2 Th

kv � Ih(v)kL2(e)  c2 h
1/2
e

kvkH1(!(e)), 8 e 2 Eh ,

where !(T ) =
S
{T

0
2 Th : T 0

\ T 6= ;} and !(e) =
S
{T

0
2 Th : T 0

\ e 6= ;} .

Proof. See [12]. ⇤
We also consider the Raviart-Thomas interpolation operator, ⇧k

h
: [H1(⌦)]d ! Hh. We

recall that given ⌧ 2 [H1(⌦)]d, ⇧k

h
(⌧) is characterized by the following identities:

Z

e

⇧k

h
(⌧) · ne q =

Z

e

⌧ · ne q , 8e 2 Eh, 8q 2 Pk(e), 8 k � 0 (16)

Z

T

⇧k

h
(⌧) · ⇢ =

Z

T

⌧ · ⇢, 8⇢ 2 [Pk�1(T )]
d
, 8 k � 1 . (17)

In the next lemma, we recall the approximation properties of the Raviart-Thomas interpolation
operator.

Lemma 2 There exist positive constants, c3, c4 and c5, independent of h, such that

k⌧ � ⇧k

h
(⌧)k[L2(T )]d  c3 h

m

T
|⌧ |[Hm(T )]d , 8T 2 Th , 1  m  k + 1 ,

and for all ⌧ 2 [H1(⌦)]d with div(⌧) 2 H
m(⌦),

kdiv(⌧)� div(⇧k

h
(⌧))kL2(T )  c4h

m

T
|div(⌧)|Hm(T ) , 0  m  k + 1 ,

k⌧ · n� ⇧k

h
(⌧) · nkL2(e)  c5 h

1/2
e

k⌧k[H1(Te)]d , 8e 2 Eh 8⌧ 2 [H1(⌦)]d ,

where Te contains e on its boundary.

Proof. See [36]. ⇤
Using (16) and (17) it is easy to show that

div(⇧k

h
(⌧)) = P

k

h
div(⌧) (18)

where P
k

h
: L

2(⌦) ! Vh is the L
2-orthogonal projector. It is well-known that 8 v 2 H

m(⌦),
0  m  k + 1, there holds

kv � P
k

h
vkL2(T )  c6 h

m

T
|v|Hm(T ) , 8T 2 Th . (19)

11



5.2 Two-dimensional case

In what follows, we assume that d = 2 and let (⌧, v) 2 H0 ⇥ H
1(⌦). Then, there exists

� 2 H
1(⌦) and z 2 H

2(⌦) such that

⌧ = curl(�) +rz

and
k�kH1(⌦) + kzkH2(⌦)  C k⌧kH(div;⌦) , (20)

for some positive constant C. In particular, div(⌧) = �z in ⌦.
Now, from the Galerkin orthogonality, we have that

Rh(⌧, v) = Rh(⌧ � ⌧h, v � vh) , 8 ⌧h 2 Hh , 8 vh 2 Vh .

Let us consider a discrete Helmholtz decomposition of ⌧h: we define �h = Ih(�) and

⌧h = curl(�h) + ⇧k

h
rz 2 Hh .

Then,
⌧ � ⌧h = curl(�� �h) + (id� ⇧k

h
)rz ,

and, from (18),

div(⌧ � ⌧h) = div((id� ⇧k

h
)rz) = (id� P

k

h
)�z = (id� P

k

h
)div(⌧) .

Therefore, we can decompose

R1(⌧) = R1(⌧ � ⌧h) = R̃1(⌧) + R̂1(z) + R̄1(�) , (21)

where

R̃1(⌧) = �1

Z

⌦

(f + div(�z + �0,h)� b ·ruh)(id� P
k

h
)div(⌧) ,

R̂1(z) := �

Z

⌦

(K�1(�z + �0,h)�ruh) · (id� ⇧k

h
)rz

+ 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1(id� ⇧k

h
)rz +

Z

�D

(g � uh)(id� ⇧k

h
)rz · n ,

and

R̄1(�) := �

Z

⌦

(K�1(�z + �0,h)�ruh) · curl(�� �h)

+ 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1curl(�� �h) +

Z

�D

(g � uh)curl(�� �h) · n .

Our aim is to obtain upper bounds for each one of these three terms.
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Lemma 3 There holds

|R̃1(⌧)|  1

⇣ X

T2Th

kf + div(�z + �0,h)� b ·ruhk
2
L2(T )

⌘1/2
kdiv(⌧)kL2(⌦) .

Proof. The proof follows by decomposing

Z

⌦

=
X

T2Th

Z

T

, using the Cauchy-Schwarz inequality

and (19). ⇤

Lemma 4 There exists a positive constant C, independent of h, such that

|R̂1(z)|  C
� X

T2Th

h
2
T
kruh �K

�1(�z + �0,h)k
2
[L2(T )]2 +

X

e2E�D

he kg � uhk
2
L2(e)

�1/2
k⌧kH(div;⌦) .

Proof. On the one hand, using the triangle inequality and the Cauchy-Schwarz inequality, we
have

|

Z

⌦

(ruh�K
�1(�z+�0,h))(id�⇧k

h
)rz| 

X

T2Th

kruh�K
�1(�z+�0,h)k[L2(T )]2k(id�⇧k

h
)rzk[L2(T )]2

Now, by Lemma 2,
k(id� ⇧k

h
)rzk[L2(T )]2  c3 hT |rz|[H1(T )]2 .

Then, using again the Cauchy-Schwarz inequality, we obtain

|

Z

⌦

(ruh�K
�1(�z+�0,h))(id�⇧k

h
)rz|  C (

X

T2Th

h
2
T
kruh�K

�1(�z+�0,h)k
2
[L2(T )]2)

1/2
k⌧kH(div;⌦)

where we used that (
X

T2Th

|rz|
2
[H1(T )]2)

1/2
 kzkH2(⌦)  Ck⌧kH(div;⌦).

Analogously, using the continuity of K�1, we have that

|2

Z

⌦

(K�1(�z+�0,h)�ruh) · K
�1(id�⇧k

h
)rz|  C (

X

T2Th

h
2
T
kruh�K

�1(�z+�0,h)k
2
[L2(T )]2)

1/2
k⌧kH(div;⌦) .

On the other hand, using the triangle inequality and the Cauchy-Schwarz inequality,

|

Z

�D

(g � uh)(id� ⇧k

h
)rz · n| 

X

e2E�D

kg � uhkL2(e)k(id� ⇧k

h
)rz · nkL2(e) .

Since rz 2 [H1(⌦)]2, rz · n 2 [H1/2(�)]2. Then, by Lemma 2,

k(id� ⇧k

h
)rz · nkL2(e)  c5 h

1/2
e

krzk[H1(Te)]2 .

13



Therefore,

|

Z

�D

(g � uh)(id� ⇧k

h
)rz · n|  C (

X

e2E�D

he kg � uhk
2
L2(e))

1/2
k⌧kH(div;⌦) ,

where we used that (
X

e2E�D

krzk
2
[H1(Te)]2)

1/2
 kzkH2(⌦)  C k⌧kH(div;⌦).

The proof follows by using the triangle inequality. ⇤
Lemma 5 Assume that g 2 H

1(�D). Then, there exists C > 0, independent of h, such that

|R̄1(�)|  C

⇣ X

T2Th

kruh �K
�1(�z + �0,h)k

2
[L2(T )]2 +

X

e2E�D

he k
@

@t
(g � uh)k

2
L2(e)

⌘1/2
k⌧kH(div;⌦) .

Proof. Proceeding similarly as in the proof of the previous Lemma and noting that, by virtue
of Lemma 1,

kcurl(�� �h)k[L2(T )]2 = kr(�� �h)k[L2(T )]2  k�� �hkH1(T )  c1 k�kH1(!(T )),

we have

|�

Z

⌦

(K�1(�z + �0,h)�ruh) · curl(�� �h) + 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1curl(�� �h)|

 C

X

T2Th

kruh �K
�1(�z + �0,h)k[L2(T )]2k�kH1(!(T )) .

Now, since the number of triangles in !(T ) is bounded and, from (20), k�kH1(⌦)  C k⌧kH(div;⌦),
it follows that

|�

Z

⌦

(K�1(�z + �0,h)�ruh) · curl(�� �h) + 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1curl(�� �h)|

 C (
X

T2Th

kruh �K
�1(�z + �0,h)k

2
[L2(T )]2)

1/2
k⌧kH(div;⌦) .

(22)
On the other hand, we remark that curl(�� �h) · n = @

@t
(�� �h) so,

|

Z

�D

(g � uh)curl(�� �h) · n| 
X

e2E�D

|

Z

e

@

@t
(g � uh)(�� �h)|

Now, using the Cauchy-Schwarz inequality, Lemma 1 and noting that the number of elements
in !(e) is bounded, we deduce that

|

Z

�D

(g � uh)curl(�� �h) · n|  C (
X

e2E�D

hek
@

@te
(g � uh)k

2
L2(e))

1/2
k⌧kH(div;⌦) . (23)
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The proof follows using the triangle inequality, (22) and (23). ⇤
On the other hand, we recall that

R2(v) = R2(v � vh), 8 vh 2 Vh .

Let us take vh = Ih(v) 2 Vh. Then,

R2(v) =

Z

⌦

(f + div(�z + �0,h)� b ·ruh)(v � Ih(v))

� 1

Z

⌦

(f + div(�z + �0,h)� b ·ruh)b ·r(v � Ih(v))

+ 2

Z

⌦

(K�1(�z + �0,h)�ruh) ·r(v � Ih(v)) + 3

Z

�D

(g � uh)(v � Ih(v))

Now, using the Cauchy-Schwarz inequality and Lemma 1 in each one of the terms above, we
have that

|R2(v)|  C

⇣
kf + div(�z + �0,h)� b ·ruhkL2(⌦)

+ kruh �K
�1(�z + �0,h)k[L2(⌦)]2 +

� X

e2E�D

he kg � uhk
2
L2(e)

�1/2⌘
kvkH1(⌦) ,

(24)

where we used that (
P

T2Th kvk
2
H1(!(T )))

1/2
 C kvkH1(⌦) and (

P
e2E�D

kvk
2
H1(!(e)))

1/2
 C kvkH1(⌦).

From the previous results, we have the following upper bound for the residual.

Proposition 1 There exists a positive constant C, independent of h, such that

sup
(⌧,v)2H

(⌧,v) 6=(0,0)

Rh(⌧, v)

k(⌧, v)kH
 C

⇣
||f + div(�z + �0,h)� b ·ruh||L2(⌦) + ||ruh �K

�1 (�z + �0,h)||[L2(⌦)]2

+
� X

e2E�D

he (kg � uhk
2
L2(e) + k

@

@te
(g � uh)k

2
L2(e))

�1/2⌘
.

Proof. It follows from (15), (21), the triangle inequality, Lemmas 3, 4 and 5, and (24). ⇤

From (14) and Proposition 1, we have that

k(�0 � �0,h, u� uh)kH  C
�1
ellC

⇣
||f + div(�z + �0,h)� b ·ruh||L2(⌦)

+ ||ruh �K
�1 (�z + �0,h)||[L2(⌦)]2

+
� X

e2E�D

he (kg � uhk
2
L2(e) + k

@

@te
(g � uh)k

2
L2(e))

�1/2⌘
.

(25)
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Motivated by this result, we define the global a posteriori error indicator

✓ :=
⇣ X

T2Th

✓
2
T

⌘1/2
, (26)

where

✓
2
T

:= ||f + div(�z + �0,h)� b ·ruh||
2
L2(T ) + ||ruh �K

�1 (�z + �0,h)||2[L2(T )]2

+
X

e2E�D
\@T

he (kg � uhk
2
L2(e) + k

@

@te
(g � uh)k

2
L2(e)) .

(27)

In the next theorem we establish the reliability of the error indicator ✓.

Theorem 3 Let (�0, u) 2 H and (�0,h, uh) 2 Hh be the unique solutions to problems (9) and
(11), respectively. Then, there exists a positive constant Crel, independent of h, such that

k(�0 � �0,h, u� uh)kH  Crel ✓ .

Proof. It follows from (25) and the definition of ✓. ⇤
In order to prove the e�ciency of ✓, we first recall that f = �div(�0 + �z) + b · ru and

K
�1(�0 + �z)�ru = 0 in ⌦. Let T 2 Th. Then, using the triangle inequality

kf + div(�z + �0,h)� b ·ruhk
2
L2(T ) = kdiv(�0,h � �0)� b ·r(uh � u)k2

L2(T )

 2
�
kdiv(�0,h � �0)k2L2(T ) + kb ·r(uh � u)k2

L2(T )

�

 2
�
kdiv(�0,h � �0)k2L2(T ) + 2 kbk2[L1(T )]2kr(uh � u)k2[L2(T )]d

�

(28)
and

kruh �K
�1 (�z + �0,h)k

2
[L2(T )]2  2

�
kr(uh � u)k2[L2(T )]2 + kK

�1
k
2
1,T

k�0,h � �0k
2
[L2(T )]2

�
. (29)

Now, in order to bound the boundary terms on the right hand side of (27), we recall a
discrete trace inequality from [2, Theorem 3.10] (see also [4]): there exists c > 0, depending
only on the shape regularity of the triangulations, such that for each T 2 Th and e 2 E(T ),
there holds

kvk
2
L2(e)  c7

⇣
h
�1
e

kvk
2
L2(T ) + he|v|

2
H1(T )

⌘
, 8 v 2 H

1(T ). (30)

Lemma 6 There exists c7 > 0, independent of h, such that for each e 2 E�D there holds

he kg � uhk
2
L2(e)  c7

⇣
ku� uhk

2
L2(Te) + h

2
Te
|u� uh|

2
H1(Te)

⌘
,

where Te is the triangle having e as an edge.
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Proof. It follows straightforwardly by taking into account that g = u on �D and applying the
discrete trace inequality (30). ⇤

Now, in order to bound the last boundary term in (27), we use the localization technique
[39]. Given T 2 Th and e 2 E(T ), we let  e be the usual edge-bubble function (see equation
(1.6) in [39]), which satisfies  e|T 2 P2(T ), supp( e) ⇢ !e :=

S
{T

0
2 Th : e 2 E(T 0)},  e = 0

on @T \ e, and 0   e  1 in !e.
We also recall from [38] that, given a nonnegative integer k, there exists a linear operator

L : C(e) ! C(T ), T 2 !e, that satisfies L(p) 2 Pk(T ) and L(p)|e = p , 8 p 2 Pk(e).

Lemma 7 Given k 2 N, there exists positive constants c8 and c9, that only depend on k and
the shape regularity of the triangulations (minimum angle condition), such that for each T 2 Th

and e 2 E(T ), there holds

kpkL2(e)  c8 k 
1/2
e

pkL2(e) , 8 p 2 Pk(e) , (31)

k 
1/2
e

L(p)kL2(T )  c9 h
1/2
e

kpkL2(e) , 8 p 2 Pk(e) . (32)

Proof. See Lemma 4.1 in [38]. ⇤
We will also use the following inverse inequality (see Theorem 3.2.6 in [11]): for each T 2 Th,

there holds
|q|H1(T )  c10 h

�1
T

||q||L2(T ) , 8 q 2 Pk(T ) , (33)

where c10 > 0 depends only on k and the shape regularity of the triangulations.

Lemma 8 Assume that g 2 H
1(�D) is a piecewise polynomial on �D. Then, there exists

C > 0, independent of h, such that for each e 2 E�D there holds

he k
@

@te
(g � uh)k

2
L2(e)  C |u� uh|

2
H1(Te) ,

where Te is the triangle having e as an edge.

Proof. Let e 2 E�D , and define �e :=
@

@te
(g � uh) on e, which is a polynomial on e. Then,

thanks to (31) and the extension operator L : C(e) ! C(Te), we have that

k�ek
2
L2(e)  c

2
8 k 

1/2
e

�ek
2
L2(e) = c

2
8

Z

e

 e�e

� @
@te

(g � uh)
�
= c

2
8

Z

@Te

 eL(�e)r(u� uh) · t .

Now, integrating by parts, we find that
Z

@Te

 eL(�e)r(u� uh) · t = �

Z

Te

curl( eL(�e)) ·r(u� uh) .
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Therefore, applying the Cauchy-Schwarz inequality, the inverse inequality (33), that he  hTe

and 0   e  1, and (32) we have

k�ek
2
L2(e)  c

2
8 kcurl( eL(�e))k[L2(Te)]2kr(u� uh)k[L2(Te)]2

= c
2
8 | eL(�e)|H1(Te)|u� uh|H1(Te)

 c
2
8c10h

�1
e
k eL(�e)kL2(Te)|u� uh|H1(Te)

 c
2
8c10h

�1
e
k 

1/2
e L(�e)kL2(Te)|u� uh|H1(Te)

 c
2
8c10c9h

�1
e
h
1/2
e k�ekL2(e)|u� uh|H1(Te)

and we end the proof. ⇤
In summary we have proved the next theorem, which establishes the local e�ciency of the

a posteriori error indicator ✓.

Theorem 4 Assume g 2 H
1(�D) is a piecewise polynomial on �D. Then, there exists Ceff > 0,

independent of h, such that for all T 2 Th we have

✓
2
T
 C

�1
eff

�
ku� uhk

2
H1(T ) + k�0 � �0,hk

2
H(div,T )

�
.

Proof. It follows from (26), (28), (29) and Lemmas 6 and 8. ⇤

5.3 Three-dimensional case

In what follows, we let d = 3 and consider (⌧, v) 2 H0⇥H
1(⌦). Then, there exists � 2 [H1(⌦)]3

and z 2 H
2(⌦) such that

⌧ = curl(�) +rz

and
k�k[H1(⌦)]3 + kzkH2(⌦)  C k⌧kH(div;⌦) ,

for some positive constant C independent of ⌧ (see Theorem 3.1 in [22]). In particular, div(⌧) =
�z in ⌦.

We consider a discrete Helmholtz decomposition of ⌧h: we define �h = Ih(�), where Ih :
[H1(⌦)]3 ! X

3
h
is the vector counterpart of the Clément interpolation operator, and

⌧h = curl(�h) + ⇧k

h
rz 2 Hh .

Then, proceeding similarly as in the previous section, we have the decomposition

R1(⌧) = R1(⌧ � ⌧h) = R̃1(⌧) + R̂1(z) + R̄1(�) , (34)

18



where R̃1(⌧) and R̂1(z) are formally as in the previous section and

R̄1(�) := �

Z

⌦

(K�1(�z + �0,h)�ruh) · curl(�� �h)

+ 2

Z

⌦

(K�1(�z + �0,h)�ruh) · K
�1curl(�� �h) +

Z

�D

(g � uh)curl(�� �h) · n .

The analogous of Lemmas 3 and 4 follows straightforwardly. The analogous of Lemma 5 follows
by noting that

Z

�D

(g � uh)curl(�� �h) · n =
X

e2�D

Z

e

(�� �h) · [r(g � uh)⇥ ne] .

Then, we define the global a posteriori error indicator

⌘ :=
⇣ X

T2Th

⌘
2
T

⌘1/2
, (35)

where

⌘
2
T

:= ||f + div(�z + �0,h)� b ·ruh||
2
L2(T ) + ||ruh �K

�1 (�z + �0,h)||2[L2(T )]2

+
X

e2E�D
\@T

he (kg � uhk
2
L2(e) + kr(g � uh)⇥ nk

2
[L2(e)]3) .

(36)

Following the same arguments as in the previous section, we have the analogous of Theorem 3.
In order to prove the e�ciency of ⌘, we proceed with the first three terms of (36) as before,

and obtain the analogous to (28), (29) and Lemma 6. Finally, to bound the fourth term, we
proceed as in Lemma 8.

6 Numerical experiments

In this section, we show some numerical experiments that illustrate the performance of the
augmented scheme (11) and confirm the properties of the a posteriori error estimator ✓ defined
in (26)-(27). The numerical experiments were performed with the finite element toolbox FENICS
[32] using the Plaza and Carey refinement algorithm [35]. We present numerical results for the
finite element pairs (Hh, Vh) given by (RT 0,L1), (RT 1,L2), (BDM1,L1) and (BDM2,L2) in
R2.

We use the standard adaptive finite element method (AFEM) based on the loop:

SOLVE ! ESTIMATE ! MARK ! REFINE.
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Hereafter, we replace the subscript h by k, where k is the counter of the adaptive loop. Then,
given a mesh Tk, the procedure SOLVE is a direct solver for computing the discrete solution
(�k, uk). ESTIMATE calculates the error indicators ✓k(T ) for all T 2 Tk depending on the
computed solution and the data. Based on the values of {✓k(T )}T2Tk , the procedure MARK

generates a set of marked elements subject to refinement. For the elements selection, we rely
on the maximum strategy: Given a threshold � 2 (0, 1], any element T 0

2 Tk such that

✓k(T
0) > � max

T2Tk
✓k(T ), (37)

is marked for refinement (in our experiments, we took � = 0.4). Finally, the procedure REFINE
creates a conforming refinement Tk+1 of Tk, using the Plaza and Carey refinement algorithm.

We will compare the performance of a finite element method based on uniform refinement
with the adaptive method that we have described above.

In what follows, DOFs stands for the total number of degrees of freedom (unknowns) of
(11) and we define the individual errors

ek(�0) := k�0 � �0,kkH(div;⌦) , ek(u) := ku� ukkH1(⌦) ,

and the total error
ek(�0, u) :=

�
ek(�0)

2 + ek(u)
2
�1/2

.

The e�ciency index with respect to the error estimator ✓k is defined as e↵k := ✓k/ek(�0, u).
We present three examples. The aim of the first one is to test the robustness of the discrete

scheme (11) with respect to the stabilization parameters and to confirm the rate of convergence
predicted by Theorem 2. In the second example, the solution presents an exponential boundary
layer whereas in the third example the solution has two boundary layers. These two latter
examples allow us to test the e�ciency of the adaptive method.

6.1 A smooth example

Let ⌦ = (0, 2 ⇡) ⇥ (0, 2 ⇡), �D = � and �N = ;. We consider a problem with anisotropic
variable di↵usion, with

K(x, y) =

 
3 + cos x 0

0 3 + cos y

!
, b(x, y) = (cos x sin y,� sin x cos y)t ,

and choose f and g such that the exact solution of problem (5) is u(x, y) = cos(x+ y).
We solve this problem with the finite element pairs (RT 0,L1), (BDM1,L1), (RT 1,L2) and

(BDM2,L2) on a sequence of uniform meshes. In Figure 1 we show the decay of total errors
versus DOFs for the (RT 0,L1) finite element pair and di↵erent values of the stabilization
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Figure 1: Example 1: Decay of total errors vs. number of degrees of freedom in the case of
(RT 0,L1) and di↵erent values of 1,2 and 3.

parameters. We observe that optimal rates of convergence are attained in all cases and the
results are independent of the values of the stabilization parameters, which shows the robustness
of the method with respect to 1, 2 and 3.

Then, we choose

1 =
1

16
, 2 =

1

4
, 3 = 1 ,

that satisfy conditions (10). In Figure 2 we show the decay of the error and estimator for
both uniform and adaptive mesh refinement for the di↵erent finite elements. Convergence rates
predicted by the theory for the total error (Theorem 2) are attained in all cases (we recall
that h

k
⇠ DOFs�k/d on uniform meshes). Note that, since the exact solution is smooth, the

error is uniformly distributed. Thus, when using the adaptive procedure we did not expect an
improvement over the uniform one. Moreover, the errors ek(�0) and ek(u) decay with the same
velocity as the total error (see Figure 3). In all cases the total error and the estimator have the
same decay, which confirms that they are equivalent. In Figure 4 we plot the e�ciency index
for the di↵erent elements employed. We observe that e�ciency indices are fairly stable.

Finally, the concentration and the flux obtained in the last iteration of the adaptive refine-
ment algorithm when using (RT 0,L1) are plotted in Figure 5.

6.2 Sharp boundary layer

Now, we let ⌦ = (�1, 1)⇥ (�1, 1), �D = � and �N = ;. Let K = ✏ I, with ✏ = 10�2
, 10�3

, 10�4,
b(x, y) = (0, 1)t, f = 0, and

g(x, y) = x
1� e

y�1
✏

1� e
�2
✏

.

We apply the proposed augmented formulation to a boundary value problem inspired from

[18], whose solution is given by u(x, y) = x
1�e

y�1
✏

1�e
�2
✏
. We remark that this solution has a sharp
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Figure 2: Example 1: Decay of total errors (left) and estimators (right) vs. number of degrees
of freedom for di↵erent elements.
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for di↵erent elements.
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Figure 5: Example 1: Final concentration (left) and final flux (right) when using (RT 0,L1) .

23



boundary layer at the boundary y = 1.
We performed experiments for the finite elements pairs (RT 0,L1), (BDM1,L1), (RT 1,L2)

and (BDM2,L2). The results displayed in Figures 6 and 7 show that the individual and total
errors, as well as the estimators proposed in this work decrease following the convergence rates
predicted by the theory for the adaptive refinement algorithm, for the four finite elements
implemented. Moreover, the meshes plotted in Figure 9, reveal that the algorithm based on
the a posteriori error estimator ✓ defined in (26) is able to identify the exponential boundary
layer and to refine the mesh around it. As a result, the adaptive procedure is more e�cient
than the uniform refinement, as confirmed by Figures 6 and 7.

In Figure 8 we plot the e�ciency index for the four finite elements: for first order elements
the e�ciency index barely moves away from 1, while for second order elements we observe
more oscillations with a tendency of stabilization around 2.5. Finally, Figure 10 shows the final
concentration (left) and flux (right) obtained with the adaptive procedure.

6.3 Two sharp boundary layers

Next, we set ⌦ = (0, 1) ⇥ (0, 1), �D = � and �N = ;. Let K = ✏ I, with ✏ = 10�2
, 10�3

, 10�4,
b(x, y) = (2, 3)t, and choose f and g such that the solution of the boundary value problem (5)
is

u(x, y) = xy
2
� y

2
e

2x�2
✏ � xe

3y�3
✏ + e

2x�5+ey
✏ .

To our knowledge, this model problem was first proposed in [28], and then analyzed in [18].
In Figure 11, we can observe the total error and estimator for the uniform and adaptive

refinements. From this graph, we conclude that the adaptive algorithm is more competitive than
the uniform procedure. Figure 12 shows the decay of the individual errors, ek(u) and ek(�), for
the adaptive and uniform refinements. We observe a fast convergence of the adaptive procedure
for the variables of interest (flux and concentration) as a consequence of the localization of the
two boundary layers (see Figure 14).

Figure 13 shows the e�ciency indices for the di↵erent finite elements and the di↵erent values
of ✏ considered here. In Figure 14 we show the initial, an intermediary and final meshes for
(RT 1,L2) and ✏ = 10�2. Finally, in Figure 15 we show the final flux and concentration.

7 Conclusions

We introduced new augmented mixed finite element methods for the linear convection-di↵usion
equation with mixed boundary conditions in two and three dimensions. We proved that for
appropriate values of the stabilization parameters, the new variational formulation and the
corresponding Galerkin schemes are well-posed and a Céa estimate holds. We derived the rate
of convergence when the flux is approximated by Raviart-Thomas or Brezzi-Douglas-Marini
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Figure 6: Example 2: Decay of total errors (left) and estimators (right) vs. number of degrees
of freedom for di↵erent elements and values of ✏.
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Figure 7: Example 2: Decay of ek(u) (left) and ek(�) (right) vs. number of degrees of freedom
for di↵erent elements and values of ✏. 26
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Figure 8: Example 2: E�ciency indices for di↵erent finite elements and values of ✏.

Figure 9: Example 2: Initial (397 DOFs), intermediate (8 702 DOFs) and final (1.5⇥106 DOFs)
mesh in the case of (RT 1,L2) and for ✏ = 0.01.
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Figure 10: Example 2: Final concentration (top) and flux (bottom) in the case of (RT 1,L2)
and for ✏ = 0.01.
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Figure 11: Example 3: Decay of total errors (left) and estimators (right) vs. number of degrees
of freedom for di↵erent elements and di↵erent values of ✏.
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Figure 12: Example 3: Decay of ek(u) (left) and ek(�) (right) vs. number of degrees of freedom
for di↵erent elements and values of ✏. 30



10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.5

1

1.5

2

2.5

3

3.5

4

10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.5

1

1.5

2

2.5

3

3.5

4

10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.5

1

1.5

2

2.5

3

3.5

4

10
1

10
2

10
3

10
4

10
5

10
6

10
7

0

0.5

1

1.5

2

2.5

3

3.5

4

Figure 13: Example 3: E↵ciency indices for di↵erent finite elements and values of ✏.

Figure 14: Example 3: Initial (397 DOFs), intermediate (42 082 DOFs) and final (2.2 ⇥ 106

DOFs) mesh in the case of (RT 1,L2) and for ✏ = 0.01.
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Figure 15: Example 3: Final concentration (top) and flux (bottom) in the case of (RT 1,L2)
and for ✏ = 0.01.
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elements, and the concentration is approximated by continuous piecewise polynomials. More-
over, we developed an a posteriori error analysis of residual type based on the use of a discrete
Helmholtz decomposition, and propose a simple a posteriori error indicator that is reliable and
locally e�cient. This a posteriori error indicator consists of two terms in internal elements and
elements with a side/face on the Neumann boundary, and it contains two additional terms on
elements with a side/face on the Dirichlet boundary.

Finally, we presented some numerical examples that illustrate the performance of the aug-
mented schemes and confirm the properties of the a posteriori error indicators when the finite
element pairs (RT 0,L1), (BDM1,L1), (RT 1,L2) and (BDM2,L2) are used. The fist example
allowed us to test the robustness of the augmented mixed finite element schemes with respect
to the stabilization parameters, and to confirm that optimal convergence rates predicted by the
theory are attained in all cases when the solution is su�ciently smooth. Then, we tested the
adaptive algorithm based on the a posteriori error indicator ✓T (see (27)) over an example with
an exponential boundary layer and another one with two sharp boundary layers. We conclude
that the adaptive algorithm is more competitive than the uniform refinement algorithm, and
it is able to locate the boundary layers of the solutions.

We remark that we have taken as point of departure a centered mixed scheme. In order
to tackle problems with a more important convection, we need to incorporate some kind of
upwinding technique. This will be the subject of a forthcoming paper.
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